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Abstract. In this paper we prove that the maximal regularity property for Cauchy pro- 
blems associated with the Hermite, Bessel and Laguerre operators on L p (f2,B), 1 < p < oo 
characterizes the UMD property for the Banach space B. Here, Q = H in the Hermite setting 
and H = (0, oo) in the Bessel and Laguerre contexts. 

1. Introduction 

Suppose that B is a complex Banach space, A is a (possible unbounded) operator on B such 
that D(A) is dense in B. We consider the Cauchy problem 

f u'{t) + Au{t) = f{t), 0<i<T, 
1 «(0) = 0, 

where / : (0, T) — > B is measurable and < T < oo. 

Let 1 < p < oo and < T < oo. We say that the operator A has the maximal L p -regularity 
property on the interval (0,T) when for every / e L p ((0,T),B) there exists a unique solution 
u e L p ((0,T),B) of 0, and 

IK||lp((0,T),B) + ||^HUp((0,T),B) < C||/||lp((0,T),B), 

for a certain C > which does not depend on /. This property of maximal regularity is 
important, for instance, in nonlinear problems and a lot of authors have studied it in the last 
years ([5], 0, 0, jg], 0, and [55]). 

Assume that —A generates a Co-semigroup {Tt} t>0 on B. Then the unique mild solution of 
(JTJ is defined by 

u(t)= / T t _ s (f(s))ds, t€(0,T), 
Jo 

for every / g L p ((0,T),B). 

If ^4 is bounded, it has maximal L p -regularity on (0, T) for every 1 < p < oo and < T < oo, 
and if also there exists M,m > such that ||T t || < Me~ mt , t > 0, A has maximal L p -regularity 
on (0,oo) for each 1 < p < oo. When {T t } t> o is analytic and A has maximal L p -regularity 
on (0,T) for some T > and 1 < p < oo, A has maximal L 9 -regularity on (0,T), for every 
1 < q < oo. Moreover, if 1 < p < oo and there exists maximal L p -regularity for A on (0, To) for 
some T G (0,oo), then A has maximal L p -regularity on (0,T) for every T > 0. 

Le Merdy |271 Theorem 2.4] gave an example of an operator A generating a bounded analytic 
semigroup such that A has maximal irregularity on (0, T) for every T > 0, and it has not 
maximal L p -regularity on (0,oo), with 1 < p < oo. 
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It can be actually a not easy problem to determinate whether an operator A satisfies the 
maximal L p -regularity property. The very beginning work of Grisvard |23| is remarkable about 
this question. 

The Banach spaces with the UMD property play an important role in the study of maximal 
L p -regularity for operators. It is well known that the Hilbert transform H defined, for every 
/ G L P (R), Kjxoo, 



H(f)(x) = Km - / -^-dy, a.e. x G 

e^Q+ 7T J\ x - V \ >f X-y 



>0+ 7T J\ X -y\ >e 

is bounded from L P (R) into itself, 1 < p < oo. If X is a Banach space, T-L is extended to 
L p O X, 1 < p < oo, in a natural way. We say that X is UMD when the Hilbert transform can 
be extended from L P (R) <£> X to L P (R,X) as a bounded operator from L P (R,X) into itself for 
some (equivalently, for any) 1 < p < oo. The main properties of UMD Banach spaces can be 
encountered in [15], [T7] and [55] , 

Dore and Venni [2131 Theorem 3.2] established the maximal L p -regularity for invertible oper- 
ators A on UMD-Banach spaces B such that, for every 7 G K \ {0}, the imaginary power A 11 
of A is bounded and ||A l7 || < Ke ' 1 ', where K > and < 9 < n/2. It is currently an open 
problem to know whether this condition on the imaginary power is necessary to have maximal 
L p -regularity. 

Brczis (see [IS]) posed the following question: given a Banach space B, is it true that every 
negative generator — A of a bounded analytic semigroup on B has the maximal L p -regularity? 
When B is a Hilbert space the answer of this question is affirmative (see |19l Lemma 3.1, p. 
211]), but it is unknown under which conditions on the Banach space B this property holds. 

In the sequel we say that a semigroup of operators generated by —A has the maximal L p - 
regularity provided that A has it. 

As it is well-known if S is a positive bounded operator from L p (f2,/x) into itself, where 1 < 
p < 00 and (f2, fi) is a measure space, the operator S <g> Ix can be extended, for every Banach 
space X, to the Lebesgue-Bochner space L p (fl, fj,, X) as a bounded operator, that we continue 
denoting by S, from L p (il, p, X) into itself. 

For every t > 0, we represent, as usual, by Pt{f) the classical Poison integral of / e L P (M), 
1 < p < 00, that is, 

Pt(f)(x) = f P t (x- y)f(y)dy, ieR, 

where 

7T t z + X z 

Thus, P t is a positive operator and P t <g> Ix can be extended to L 2 (R,X), for every t > 0. 

A partial answer for Brezis' question was given by Coulhon and Lamberton [181 p. 160] who 
established the following result. 

Theorem A. Let X be a Banach space. Then, the Poisson semigroup {Pt}t>o on B = L 2 (M., X) 
has maximal L p -regularity on (0, oo), if, and only if, X is UMD. 

Note that L 2 {R,X) is UMD provided that X is UMD (gBJ Proposition 3, (ii)]). Moreover, 

( d 2 V 7 

according to (24j Theorem, p. 402], if X is not UMD then I J , 7 G R \ {0}, is not 

bounded in L 2 (R, X). 
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Our objective in this paper is to establish results analogous to Theorem {K\ when the classi- 
cal Poisson semigroup is replaced by the ones associated with Bessel, Hermite and Laguerre 
operators. 

We consider for every a > the Bessel operator 

A a = -x a — x 2a — x ° = -— + „ J , 16 0,oo . 
da; ax aa; z 

If J v denotes the Bessel function of first kind and order v, we have that 

A Q [s/xyJ a _ 1/2 {xy)\ = y 2 y/xyJ a - 1 / 2 {xy), x G (0,oo). 

According to [33J (16.4)] the Poisson kernel for A Q is the following 

A , . 2a(xy) a t r (shitf) 2 "" 1 
P t A °>(x,y) = — / v ; t,x,y€ (0,oo), 

* 1 7T 7 [|a; -y\2 +t 2 + 2 X y{l - COS ^ ' 

and the Poisson integral P Aa (/) of / G 1^(0, oo), 1 < p < oo, is defined by 

poo 

P A "{f)(x) = / P A "(x,y)f(y)dy, x 6 (0,oo), * > 0. 



The Bessel-Poisson semigroup {P( A "}t>o is positive and contractive in L p (0,oo), 1 < p < oo. 
Harmonic analysis associated to Bessel operators was initiated by Muckenhoupt and Stein ([33 ). 
In the last years, this Bessel harmonic analysis has been developed in a Banach valued setting 
(see [E] and [2]). 

1 d 2 

The Hermite operator on R is defined by H = — ( — - — x 2 ). We have that, for every k G N, 

2 dx 2 

Hh k = U+\ 

where h k denotes the fc-th Hermite function given by 

h k (x) = {y/k2 k k\)- 1 ' 2 H k {x)e- x2/2 : xeR, 

and H k represents the fc-th Hermite polynomial [39, pp. 105-106]. The operator —H gener- 
ates the positive semigroup of contractions {Wj ff }t>o in L P (R), being, for every / 6 L P (R), 
1 < p < oo, 

W t H (f)(x) = ( W t H (x, y)f(y)dy, x G R and t> 0, 



and for each x, y G R, t > 0, 



Wffrv) = ( (1 _ e _ 2t , ) exp 



1/2 



2e 



-t 



zzmO* +y ) + 1 — TZo- t x v 



21-e" 

The Poisson semigroup {P t ff } t> o associated with the Hermite operator is defined, for every 
/ G L P (R), 1 <p< oo, as 

(/)(*) = J^P t H (x,y)f(y)dy, x G R and i > 0, 

where, by using the subordination formula we can write 

t f°° e ~' 2 / 4u 

Pf (x, y) = —= —sPt-Wu (x, y)du, x, y G R and t > 0. 

V47T Jo " 7 

Muckenhoupt studied in [30_ and |31| the harmonic analysis for the Hermite operator in 
dimension one. In the last years, Thangavelu [3D], Stempak and Torrea [37] and [35] have 
investigated it in higher dimensions. Banach valued harmonic analysis operators in the Hermite 
context have been studied in [5] and |14j . 
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We consider the Laguerre differential operator L a , a > 0, on (0, oo) defined by 

2 , a(a - 1)" 

We have that 



La =2\dxi +X + x~ 2 a;e ( ' 00 )- 



where 

1/2 



^W=( wf r(fc + l 1 L 'l e-* 2 /*x<*t- l >\x% ,6(0,oo), 



Y{k + a+l/2) i 

and, for every 6 N, ^ represents the fc-th Laguerre polynomial of order a ([39, pp. 100-102]). 

The operator — L a generates the positive semigroup of contractions {W t a }t>o m L p (0, oo), 
where, for every / £ L p (0,oo), 1 < p < oo, 



W t L "(f)(x) = I W t L «(x,y)f(y)dy, x £ (0,oo), t> 0, 
being, for every t,x,y € (0,oo), 



Q ( x 'y) = i _ e - 2t 7 "-v2 1 x _ e _ 2t J ex p 



11 + e 



-2t 



2 1 - e 



-21 



(x 2 + y 2 ) 



By using the subordination formula we can write the Poisson kernel P t a [x, y), t,x,y G (0, oo), 
associated to L a as follows 

t f°° e~* 2 / 4 " 

P t La {x,y) = -= / W^°(a;,y)dM, i, ar, y € (0, oo). 

V47T Jo 



The Poisson semigroup for the Laguerre operator L a is defined by 

/>oo 

P t La (f)(x)= P t L «(x,y)f(y)dy, t,xe(fl,oo), 



for every / € £ p (0, oo), 1 < p < oo. 

The starting point for the harmonic analysis in Laguerre context are the works of Muckenhoupt 
[3"T] and |35]. In the last years we remark the results of Nowak and Stempak jM] and [35] in 
higher dimensions. Laguerre harmonic analysis in a Banach valued setting has been developed 
in UK and [TS]. 

The main result of this paper is the following. 

Theorem 1.1. Let X be a Banach space and a > 0. The following assertions are equivalent. 

(a) X is UMD. 

(b) The Bessel Poisson semigroup {P t A °} t> o on L 2 ((0,oo), X) has maximal L p -regularity 
on (0, oo). 

(c) The Hermite Poisson semigroup {P^} t> Q on L 2 (R, X) has maximal L p -regularity on 
(0,oo). 

(d) The Laguerre Poisson semigroup {P t La } t >o on L 2 ((0,oo),X) has maximal L p -regularity 
on (0, oo). 

According to [HI Theorem 1.2] the imaginary powers PL 11 (respectively, A l J and L 1 ^), are not 
bounded in L P (M., X) (respectively, in L p ((0, oo), X)), 1 < p < oo, when the Banach space is not 
UMD. 
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Iii order to prove the maximal L p -regularity for the bounded analytic semigroup of operators 
{T t }t>o generated by the operator —A on a Banach space B we consider the operator K({T u } u> q) 
defined by 

(2) K({T u } u>0 )f(t) = f d t T t _ s (f(s))ds, t > 0. 

Jo 

Since || c?^X^ || i(B) < C/t, t > 0, where L(B) denotes the space of bounded operators from B 
into itself, the convergence of the integral in Q depends on the properties of /. Suppose that 
/ G Cc((fJ' oo), D(A)), that is, / : (0, oo) — > D{A) is a C 1 -function with compact support. 
Then, we have that 

J* ||S 4 T t _ s (/( S ))|| B ds <C ([* UVtJ^k ds + t\\Af(t)\\^ 

<Ct (||/'|U=e(( ,oo),B) + \\Af(t)\\ K ) , t > 0. 

The subspace C^(0, oo) ® D(A) is dense in L p ((0, oo), B), 1 < p < oo, because D(A) is dense 
in B. The semigroup {T t } t> o of operators (or the operator A) has the maximal L p -regularity 
property if, and only if, the operator K({T u } m> q) can be extended from C*(0, oo) <S> D(A) to 
L 9 ((0,oo);B) as a bounded operator from L q ((0, oo); B) into itself, for some (equivalently, for 
every) 1 < q < oo. For the sake of simplicity, when the operator K({T u } u> o) satisfies this 
property we say that it is bounded from L q ((0, oo);B) into itself. 

If {T t } t> o denotes Bessel, Hermite or Laguerre Poisson semigroups, to prove Theorem |1.1| 
we will show that the operator K({T u } u> q) is bounded from L 2 ((0,oo), L 2 (fl,X)) into itself if, 
and only if, the operator K({P u } u> q) is bounded from L 2 ((0, oo), L 2 (M, X)) into itself. Here 
fl = (0, oo) when Bessel or Laguerre operators are considered and £1 = M when we work with the 
Hermite operator. Actually, we split the operator K({T u } u> o) in two parts that we call local 
and global parts 

K({T U } U>0 ) = K loc ({T u } u>0 ) + K 9lob ({T u } u>0 ). 

The operator K 9lob ({T u } u>0 ) is bounded in L 2 ((0, oo), L 2 (Q, X)) for every Banach space X. 
On the other hand, the operator K loc ({T u } u>0 ) is bounded in L 2 ((0, oo), L 2 (fl, X)) if, and 
only if, K({P U } U>0 ) is bounded in L 2 ((0, oo), L 2 (R, X)). Then, according to Theorem |l.l| the 
i 2 ((0, oo), L 2 (ft, X))-boundedness of K({T U } U>0 ) characterizes the UMD property for X. 

In Sections [2j [3] and [4] we prove Theorem |1.1| in the Bessel, Hermite and Laguerre setting, 
respectively. 

Throughout this paper by C, c > we always denote positive constants that can change in 
each occurrence. 

2. Proof of Theorem 11.11 for the Bessel operator 
In this section we prove de equivalence (a) <4> (b) in Theorem |1.1| 

We denote by C^°(f2) the space of smooth functions in with compact support, where 
n = R\{0} or SI = (0, oo). It is well-known that C^°(0,oo) is a dense subspace of L 2 (0,oo) and 
C^°{R \ {0}) is dense in L 2 (R). 

We consider the operators K({P^ a } u> o) and K({P u } u> o) defined, for each t,x € (0, oo), by 

K({P^} u>Q )(f)(t,x) = f d t P t A Jl(f( s ,-))(x)d s , f€C™(0,oo)®C™(0,oo)®X, 

Jo 
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and for t G (0, oo), x € K, 

K({P u } u>0 )(f)(t,x) = [ d t P t . s (f(s,-))(x)ds, /eC c oo (0,oo)®C c oo (IR\{0})®X 
Jo 

Note that, for every / G C£°(0, oo) ® C c °°(0, oo) ® X, 

d t P t - s (f(s, -))ds^ (x) = jf d t P t -s(f(s, -))(x)ds, a.e. igE, 

where the first integral is understood in the L 2 (R, X)-Bochner sense and the integral in the right 
hand side is understood in the X-Bochner sense. Analogous properties hold when Hermite, Bessel 
and Laguerre Poisson semigroups replace the classical Poisson semigroup. 

We will prove that K({Pj~ a } M >o) is bounded from L 2 ((0, oo) 2 , X) into itself if, and only if, 
K({P u } u> q) is bounded from L 2 ((Q, oo) x M, X) into itself. Then, by using Theorem |a| we deduce 
(a) (b) in Theorem [TT] 

We define the operator K + ({P U } U>0 ), for each t,x € (0,oo), as follows 

f-t t-oo 

K+({P u } u>0 )(f)(t,x)= / d t P t _ s (x-y)f(s,y)dyds, / G C c °° (0, oo) ® C c °° (0, oo) ® X. 



JO Jo 

In the first step we reduce the boundedness of X({P u } n> o) m L 2 ((0, oo) x K, X) to the bounded- 
ness of K + ({P U } U>0 ) in L 2 ((0, oo) 2 , X). 

Lemma 2.1. Lei X be a Banach space. Then, K({P U } U>0 ) is bounded in L 2 ((0,oo) x M,X) if, 
and only if, K + ({P u } u> q) is bounded in L 2 ((0, oo) 2 , X). 



Proof. Let / G C c °°(0, oo) ® C£°(0, oo) ® X. We defined 
(3) /o(M) = 



/(i, a;), t,x>0, 
0, t > 0, x < 0. 



It is clear that f G C c °°(0, oo) ® C^°(R \ {0}) ® X and 

«+({i'«}u>o)(/)(*,aj) = iir({P tt }„>o)(/o)(t,x) ) (0,oo). 

Then, if K ({P a }u>o) is bounded in L 2 ((0, oo) xR, X), K + ({P U } U>Q ) is bounded in L 2 ((0, oo) 2 , X). 

Suppose now that K + ({P U } U>Q ) is bounded in L 2 ((0, oo) 2 , X) and let / G C£°(0, oo)®C£°(R\ 
{0}) ® X. We can write for every t > and x G R, 

X({P4 M>0 )(/)(t,x) = / / d t P t . s (x-y)f(s,y)dyds 
Jo Jr 

pt poo pt pOO 

= 11 d t P t -a(x-y)f(s,y)dyds+ / d t P t - s (x + y)f(s,-y)dyds, 
Jo Jo Jo Jo 



and 



poo poo 

\K({P u } u>0 )(f)(t,x)\\ 2 x dxdt = / / \\K({P u } u>Q )(f)(t,x)\\ 2 x dxdt 

Jo Jo 



OO pOO 



< 2 



\\K{{P u } u>0 ){f){t,-x)\\ x dxdt 

|-^+({P«}u>o)(/+)|||2((o,oo) 2 ,A) + II^+({Pu}«>o)(/-)Hl 2 ((0,oo) 2 ,X) 



(4) +\\K.({P u } u>0 )(U)\\l 

2 ((0,oo) 2 ,X) "T" 2 ((0,oo) 2 ,X) 

where /+(t, x) = f(t, x), f-(t, x) = f(t, —x), t, x G (0, oo), and, 

f-t t-OO 

K_({P u } u>0 )(g)(t,x)= / d t P t . s {x + y)g{s,y)dyds, g G C c °°(0, oo) ® C c °°(0, oo) ® X. 
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The operator A_ is bounded from L 2 ((0, oo) 2 , A) into itself. Indeed, we have that 



\d t P t . s (x + y)\ = - 

77 



\t-s\ 2 -{x + yf 



{\t - s\ 2 + (x + y) 2 Y 



11 . 

- ~u i2~ 1 — i — \a> s,t,x,y e {0,oo). 

77 \t — s\ z + (x + y) 1 



Hence 

\\K (tP I . „VnV* ^11 „ < 

Wo Jo \t-s\ 2 + (x + y) 



2 pt pOO 



K-({P u } u>0 )(g)(t,x)\\ x < - I I u , , , 2 \\g(s,y)\\ x dyds 



oo / px 



~lj [J Q \^WTx^ Ms ^ xdy + J x \ t - s \ 2 + y 2Ms ^ xdy ) dS 

(5) <-(- I* P*(\\go(;y)\\x)(t)d y + [°° -P*(||<f (-, y)\\x) (t)dy) , t,xe(p,oo), 

77 \ x Jo Jx y j 

where 

(6) 9o(t,y) = { go{t ' v) ' ^ e(0 ' oo) ' 

and P* represents the maximal operator defined by 

P m (h) =sup\P u (h)\, heL 2 (R). 

u>0 

According to |26l p. 244, (9.9.1) and (9.9.2)], the Hardy operators H and given by 

1 r 

H (h)(x) = - / h(y)dy, x € (0,oo), 
x Jo 

and 

Hoo{h)(x) = f ^dy, xe (0,oo), 

Jx v 

are bounded in L 2 (0,oo). Also, the maximal operator P* is bounded in L 2 (R). Then, from (|5| 
we deduce that K_ is bounded in L 2 ((0, oo) 2 , A). 

By Q it follows that K({P U } U>0 ) is bounded from L 2 ((0,oo) x K, X) into itself provided 
that K + ({P u } u> q) is bounded from L 2 ((0, oo) 2 , A) into itself. □ 

We now consider, for every t, x G (0, oo) and / £ C£°(0,oo) (8) C£°(0, oo) (g) A, the following 
"local" and "global" operators 

pt p2x 

• K l ? c ({P u } u>0 )f(t,x)= / / d t P t - s (x-y)f(s,y)dyds, 

JO Jx/2 



Kf b ({P u } u>0 )f(t,x) = A + ({P U } U>0 )/(M) - ^({Pj^o)/^), 

^ oc ({^} u >o)/(M)= T r d t P t A z(x,y)f(s,y)dyds 

Jo Jx/2 



, IS, 

e/2 

and 

.if 9i 1{^Uo)/(M) = if({^} u >o)/(^)-if loc (R A °} u >o)/(^). 
We are going to see that the "global" operators are bounded in L 2 ((0, oo) 2 , A). 

Lemma 2.2. Let X be a Banach space. Then, the operators K^ ob ({P u } u> o) and K3 lob ({P^ } M>0 ) 
are bounded from L 2 ((0, oo) 2 , A) inio itself. 



Proof. Let / e C%°(0, oo) £g)C^°(0, oo) A. The argument used in the proof of Lemma 2.1 allows 
us to get, for every t, x € (0, oo), 

/ 1 /-a/2 poo i \ 

||^ oi, ({P u }„>o)(/)(t^)|U < C - / P*(\\fo(-,y)\\x)(t)dy+ / -P(||/o(-,y)||x)(<)d2/ , 

I 1 jo J2x y I 
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where the extension /o of / is defined as in @. Then, K 9 l oh is bounded in L 2 ((0, oo) 2 , X). 
On the other hand, we have that 



dtP t A - s (x,y) 



2a(xy) c 



(sin 9) 



2u-l 



71" [Jo [\x - y\ 2 + \t-s\ 2 + 2xy(l- cos 6)} a+1 

(sine) 2 "- 1 



(W 



-2(a + l)|t-s|" 



/o [|x - y| 2 + |i - s\ 2 + 2xy(l - cos 9)] 
According to |33l p. 86, (6)] we obtain 

(sinf?) 2 "- 1 



-^de S , s,t,x,y£ (0,oo). 



d t P t -%(x,y) <C(xyY 



o [\x - y\ 2 + \t - s\ 2 + 2xy{l - cos( 
2 iu „|2 ' e(0,oo). 



□ 



f — y| + 1* — s 

Then, as above we can prove that K9 lob ({P£"} u>0 ) is bounded in L 2 ({0, oo) 2 , X) 

Hence, we will finish the proof once we show that K l ° c {{P u } u>0 ) is bounded in L 2 ((0, oo) 2 , X) 
if, and only if, K 1oc ({P^° , } u> q) is bounded in L 2 ((0, oo) 2 , X). We collect this property in the 
next Lemma. 

Lemma 2.3. Let X be a Banach space. Then, the operator D loc given by 

D loc = K loc ({ pA a}u>o) _ K%°({P«}u>0), 

is bounded in L 2 ((0,oo) 2 ,X). 

Proof. Let / e C* c °° (0, oo) <g) (0, oo) <g) X. We split the operator K loc ({P£ a } u >a) as follows 
K l ° c ({P^} u>0 ) = K l r({P^} u>0 ) +^({PM„>„), 

being, 



t /-2a 



C({^W(/)(t.!t) = / / d t Pt a s' l {x,y)f{s,y)dyds, t,*e(0,oo) 







and 



2a(xy) Q ^Z 2 



t(sin6>) 



2a- 1 



By defining 



we can write 



7T Jo [\x - y\ 2 +t 2 + 2xy(l - cos(2)r + 

Pt a ' 2 ( x ^y) = Pt a (. x iv) - Pt°" x ( x >y)) t,x,y e (0,00) 



t,x.y £ (0, oo). 



9 t P t V(x,y) <C(xy) c 



<C 



|i - s| 2 + a; 



(sing) 2 "- 1 

, > - y\ 2 + \t- s\ 2 + 2xy(l - cos9)] a+1 
s,t,x € (0,oo), x/2 < y < 2x. 



dQ 



Hence, we get 



C 



2x 



\\K l 2 oc ttPu a }u>o)(m,x)\\ x < - / P*(\\fo(;y)\\x)(t)dy, t,xe (0,oo). 



z/2 



Then, since the operator £ defined by 



2x 



C(h)(x) = - h(y)dy, x € (0,oo), 

x J x/2 

is bounded in L 2 (0,oo), we conclude that K!f c ({P^' a } u> o) is bounded in L 2 ((0, oo) 2 , X). 
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We consider the kernels 

2a(xy) a ^/ 2 



te 



2q-1 



o , 7, 7^+I d0 > t,x,y € (0,oo), 

\x - y\ 2 + t 2 + 2xy{\ - cos 6>)] 



P t ^\x,y)= 2 ^ 



and we define the operators 

r t r 2x 



a f-w/2 



te 



2a-l 



]x - y\ 2 + t 2 + xy6 2 ] a+1 



■^fdO, t,x,y£ (0,oo). 



Jx/2 



Pi^/ix^) - P t _ a s ' 1 ' 1 (x,y) f(s,y)dyds, t,x £ {0,oo) 



and 



D 2 ° c (f)(t,x) 



di 



Pt-V^fay) - P^-V^fav) f( s ,y)dyds, t,xe(o,oo). 



10 Jx/2 

In order to estimate the kernels of D[ oc and D!f c we proceed as in pp. 482-485]. By using 
mean value theorem, we get for every s,t,x G (0, oo) and x/2 < y < 2x, 



Ptv 1 ^, y) - P^ a /' l {x, y) 



< C(xyY 

< C- 



tt/2 



di 

Q2a+1 



Pt- a s ' hl {x,y) - Pt a s X2 {x,y) 



o [\x - y\ 2 + \t - s\ 2 + xy0 2 
{xy) a \ 

1 + log. 



-de 



\ x - y\ 2 + \t — s \ 2 + x v] 



a+l 



xy 



Hence, for j — 1,2. 



\\D i r(f)(t,x)\\ x <c 



o Jx/2 x 2 + \t- s\ 2 



1 + log 



|a:-»| a + |t-*| 5 



\\f(s,y)\\xdyds 



<C- 



1 + log + - 

/2 \ \x-y\ 



\ x ~y\. 

P*{\\fo(;y)\\x)(t)dy, t,xe(0,oo). 



Since 



1 + log + r 

x/2 \ f - y\ 



dy 



1/2 



1 + log . 



\l-z\ 



dz, x £ (0, oo), 



Jensen's inequality allows us to show that the operator A defined by 

A(g)(x) = - [ (l + log + X . }g(y)dy, x£(0,oo), 
x Jx/2 V \x-y\J 

is bounded from L 2 (0,oo) into itself. Hence, the operators D[ oc and D l £ c are bounded in 
L 2 ((0,oo) 2 ,X). 

Finally, we consider the operator D l 3 oc as follows 



£>r(/)(M) 



di 



P t _° ,1,2 (x,y) -P t - s (x-y) f(s,y)dyds, t,x £ (0,oo). 



10 Jx/2 

As in [111 p. 486] we can write, fore every t,x,y £ (0, oo), 

2a(xy) a 



P^ a,1 ' 2 (x,y) =P t (x- y) 



te 



2a- 1 



A/2 [\x - y\ 2 + t 2 + xye 2 } 



a+l 



de. 



Then, we get 



t r 2x 



D l r{m,x) 



Jx/2 



dtP^/^ix, y)f(s, y)dyds, t,x £ (0, oo), 



where 



oA„,i,3/ \ 2a{xy) a 

P t ' ( x ,y) = 



te 1 



tt/2 [\X 



y\ 2 + t 2 + xy e 2 } a+1 



de, t,x,y £ (0, oo). 



10 



V. ALMEIDA, J.J. BETANCOR, AND A.J. CASTRO 



We have that 



< C(xy) a 

< C(xy) a 



< C 



(xy) c 



tt/2 [\x - y\ 2 + \t— s\ 2 + xyff- 
1 



-de 



\x - y\ 2 + \t- s\ 2 + xyi: 2 /4] a+1 J^ /4 [\x - y\ 2 + \t- s\ 2 + xyu] a+2 



xyu 



du 



\t — s\ 2 + xy] 



S+T + ( X V) 



-a + l 



tt 2 /4 [\t — s\ 2 + xyuY 



;du 



< c 7 



1 



\t - s\ 2 + X 2 
We can write 



, s,t,x € (0, oo) and x/2 < y < 2x. 



IIA'""l./"l(/..r)||. v I- C I I 4^^dyds<c\ I /':!;■/;,(,, y);|. v )(/),/,/. /.,•■■: (II. v.i. 



Jx/2 \t — S\ + X ~ X J x j 2 



Hence, D l ^ c is bounded from L 2 ((0, oo) 2 , X) into itself. We conclude that D loc is bounded in 



L 2 ((0,oo) 2 ,X). 



□ 



3. Proof of Theorem 11.11 for the Hermite operator 

In this section we prove the equivalence (a) (c) in Theorem 
We consider the operator defined by 

K({P?U>o)(f){t,x)= [ d t P t H s (f(s,-))(x)ds, xeRandi>0, 

Jo 

for every / e C c °°(0, oo) ® <7~(H) ® X. 
We denote by p the following function 

f 1/2, N<1, 
I TTR' N>L 

This function p plays an important role in the study of harmonic analysis associated to the 
Hermite operator (see [H] and [22 ). 

We split the operator K ({P^} u >o) as follows 

K ({P? }„>o) = K l ° c ({P* }„ >0 ) + K» M ({P?} u >o) , 

where 

K loc ({Pu}u>o)(m,x)= I I d t P t H s (x,y)f(s,y)dyds, x e R and i > 0, 

Jo J|x-t/|<p(a;) 

for every / e C c °°(0, oo) ® C^°(R) ® X. 

In a similar way we decompose the operator K ({P u }u>o) on C^°(0, oo) (g> C^°(R) g) X by 

^ ({P4u>o) = ^' oc (R}«>o) + A^ ofc ({P„} u>0 ) • 

In a first step, we are going to see that the operator K glob ({■F > 1 f } u >o) is bounded in L 2 ((0, oo) x 
R,X). 

Lemma 3.1. Let X be a Banach space. Then, the operator RB lob ({P?} u>0 ) is bounded from 
L 2 ((0,oo) x R,X) into itself. 
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Proof. Let / e C c °°(0, oo) <g> C£°(R) <g> X. We have that 

r°° P -|*-s| 2 /4« 



/■oo -|t-sr/4« / U _ 12 \ 

a t P t ff s (x,y)| <C jf m3/2 (l + W^(x lV )du 

roo e -c\t-s\ 2 /u 

<C — Wl*(x, y)du, x,y £ R and s,t e (0,oo). 

Jo u 7 



Then, 

||^° b ({^}n>0) 

/•* /■ / rp( x ) 2 /-oo \ - c |t-s| 2 / M 
<C/ / / +/ M — W?(x,v)du\\f(8,v)\\ x dvd8 

JO J\x-y\>p(x) \Jo J p(x) 2 ) U ' 

(7) = C [Kfj^\\f\\ x )(t,x) + K^ 2 b (\\f\\ x )(t,x)] , x e R and t e (O.oo). 
Let /i e i 2 ((0, oo) x R). We detone by /i the following extension of h 

j h(t,x), (>0,ieR, 
{ 0, t < 0, x e R. 

Since 

(8) W t H (x,y) < Ce~ ct W ct {x -y), x,y e R and t > 0, 

where W t (z) = e~' z ' 2 / 4t /V47rf, zel and f > 0, represents the classical heat semigroup, we can 
write 

ft j- rp( x ) 2 -c\t-s\ 2 /u -c\x-y\ 2 /u 



p r rP( x ) e -c\t-s\ I u e -c\x-y\ /u 
K H°i(h){t,x) <C / m m \h{s lV )\dudyds 

JO J\x-y\>p(x) Jo u ' u ' 



\x-y\>p{x) ■ 

<C [ f ■ — \V l (\l !o (-.tj)\)(h<lii<l,j. .rtSand/X). 

J\x-y\>p(x)Jo 



CP( X ) 2 e -c\x-y\ 2 /u 



where W*{g) = sup u>0 \W u (g)\. We get 

rp{x) 2 r e -cp(x) 2 /u p -c\x-y\ 2 / 

l\x-y\>p(x) U 



rp\X) /■ p -cp(x) j u -c\x-y\ /u 

K<**{h){t,x) <C / ^— W .(\ho(;y)\)(t)dydu 

Jo J\x-y\>p(x) u u 1 

( r p(x)2 du \ 

- C \J ^^jW4W4\h \)(t)}(x)<CW4W4\h \)(t)}(x), ^Kandt>0. 



Since the maximal operator W* is bounded in L 2 (R) we deduce that the operator Kfj ob is 
bounded from L 2 ((0,oo) x R) into itself. 

In order to show that Kfj ^ is bounded in L 2 ((0, oo) x R) we will use the following estimate 



e -c\x-y\'/t / p (a;)2N 2 

Indeed, we have that 



(9) W t H (x, y) < C -j. ( ) , x, y e R and i > 0. 



C 

l^-yp + l^ + yl 2 >a; 2 > -^-p, |x| > 1. 
Then, since p{x) = 1/2, |a;| < 1, 

W t H (x,y) < Ce -^+b+y| 2 +b-y| 2 ) < C e ~ C ^ - (^j^j , x,yeRtmdt>l. 

Suppose now that < t < 1. If |x| < 1 and y e R, 

e -c(*+|a;-s/| 2 /*) -clx-yl 2 /* / (V|2\2 
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Moreover, if \x\ > 1 and y (E 



e -c(t+\x-y\~ /t+t\x+y\ 2 ) e -c\x-y\ 2 /t e -ctx 2 e ~c\x-y\ 2 jt e ~ct/ p(x) 2 



W t H (x,y) <C- -= < C- ^ < C- 



y/i Vi Vi 

I 2 / 



-c\x-y\ 2 /t / ( x )2\ 2 



and 



e -c(t+\x-y\ 2 /t) e -ct e -c\x-y\ 2 /t e -cx 2 /t e -c\x-y\ 2 /t / 1 \ 2 



W t H (x,y) <C- < C- — — < C- 



Vi ' y/i y/t \tx 2 

-f. 



p -c\x-y\ 2 /t / n ( r )2\ 2 



Thus, (|9J) is established. 
We can write 



pt r poo c \t-s\ 2 /u -c\x-y\ 2 /u I \4 



K%™(h)(t,x) <C / ^ ^ ' jhfoyjjdudyda 



^e- c l^l 2 /"d U W,(|/i (-,y)|)(t)d2/ 

\x-y\>p(x) \Jp(x) 2 U 1 J 



f ( r°° p -c\x-y\ 2 /vp(x) 2 \ 

<C / P{xf / <fe W*(|fto(-,»)|)(t)dy 

<<?/ f^r(^) 3 ^W,(M-, y )i)(^ 

Jlx-ai^) \W A VF-J/I/ « / 

<C-^ / (r^ri) W*(\M;y)\)(t)dy 

pyx) J\ x -y\>p(x) \ \ x -y\J 



= c 4tE/ (in) w>(M->v)I)(*)<& 

P(FJ ^0 J2 fc p(2:)<|2;-y|<2' t + 1 p(^) VF _ V\J 
1 /" 

<CM[W*(\h \)(i)](x), ieRandi>0 



W.(|Ao(-,I/)|)(*Mtf 

— t-p\X) J\ X -y\ <2 h + lp( X ) 



Here ./Vf represents the Hardy-Littlewood maximal function. Since W* and M. are bounded 
operators in L 2 (M.), it follows that the operator Kfj ^ is bounded from £ 2 ((0, 00) x R) into itself. 
From Q we conclude that K9 lob ({P^ } u>0 ) is bounded from L 2 ((Q, 00) x E, X) into itself. □ 

In the second step we show that the operator V loc defined by 

v loc = K Ioc {{P H }u>q) _ K loc {{ p u}u>o) 

is bounded in L 2 ((0,oo) xl,I). 

Lemma 3.2. Let X be a Banach space. Then, the operator T> loc is bounded from L 2 ((0, 00) x M, X) 
into itself. 
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Proof. Let / <E C£°(0, oo) ® C£°(M.) ® -X". The subordination formula and Q allow us to write 
||2? ,oc (/)(t,a!)|| x <c( / / / /2 (x,y) - W u {x - y)\ \\f(s,y)\\ x dudyd 



J\x-y\<p(x) JO 



oo -c|t-a| a /u 



W c „(a; - j/)||/(s,y)||xdudyds 

/0 "'la;— 3/|</o(xc) -'io(a) 



--C[D[° c (\\f\\ x )(t,x)+V l 2 oc (\\f\\ x )(t,x)] , xeMandte (0,oo). 

hat X>j oc , j = 1, 
h G £ 2 ((0,oo) x K). We have that 



We now prove that V loc , j = l,2, is a bounded operator from I/ 2 ((0, oo) x R) into itself. Let 



|^ oc WM] <C / [ / 4t2 I W*(\h (-,y)\)(t)dy 



\ I 3/2 

\x—y\<p(x) \J p(x) 2 " 

J|x-jd</d(x) 

<CM[W»(|/i |)(t)](a;), at G M and <> 0. 

Hence, 2^ oc is bounded in L 2 ((0,oo) x M). 

In order to analyze T>[ oc we need to show that 

(10) \W t H (x,y)-W t (x-y)\ < C-^W ct (x-y), \x - y\ < p(x) and < t < p{xf. 

p{x) z 

Indeed, by using Kato- Trotter's formula and Q we get, for every x, y € R and t>0, 
\W t H (x,y)-W t (x-y)\ = f f W s (x - z)W t H s (z,y)z 2 dzds 
< 



C / / W s (x-z)W c(t _ s) {z-y)z 2 dzds 

JO JR 

( ft/2 r ft/2 r 

<C[ W a (x- z)W c(t - s) (z-y)z 2 dzds+ / W t - S (x - z)W C8 (z - y)z 2 'dzds 

\J0 JR JO JR 

On the other hand, we have that 

f e- cVx ~ z \ 2/s z 2 dz=^s [ e- w \x 2 + sw 2 ~ 2xwy/J)dw 

JR JR 

<C\/s e~ w \x 2 + w 2 +xw)dw, x G M, < s < 1. 



If \x\ < 1, then 

e~ w2 (x 2 +w 2 + xw)dw < [ e~ w2 (1 + w 2 + w)dw < C < , 

Jr p{xr 

and, when |x| > 1, 



e~ w (x 2 + w 2 + xw)dw < / e~ w —-rr + w 2 + —— dw 

Jr \p(xr P( X )J 

<-¥t~ / e- w \l + w 2 +w)dw< ( 



' Pix) 2 Jr p{x) 2 ' 
because p(x) < 1. Hence, 



f e - c \x-z\ 2 /s z 2 dz < c V^_ ) j £ K and < s < 1. 

Jr P\ x ) 
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It follows that 

ft/2 f -c{\x~z\ 2 /s+\z~y\ 2 /(t-s)] 

\W t H (x,y) - W t (x - y)\ < c(J £ 8l/2(t _ s) i/2 zdzds 



S !/2(f- S )l/2 

t/2 f e -c[\x-z\ 2 /(t-s) + \z-y\ 2 /s] 



S 1 /2(t_ s )l/2 ' 



2 dzds 



rt/2 r e -c[\x-z\ 2 + \z-y\ 2 ]/t / e -c\x~z\ 2 / s e -c\y-z\ 2 /s \ 

' I I ^172 ( ^72 + — ^172 \ zdzds 

e -c\x-y\ 2 /t rt/2 r / e -c\x-z\ 2 /s e ~c\y-z\ 2 /s\ 
~ C W X i[ S V2 + s l/2 ) z2dzdS 

^ C-^W ct (x - y), \x-y\< p{x) and < t < p{x) 2 , 



because p(x)/C < < Cp(x), provided that |x — y| < p(x). Thus (10 1 is proved. 
By using ( 10 1 we deduce that 

ft f fp{x) 2 -c\t-s\ 2 /u -c\x-y\ 2 /u 

\V[°°m,x)\<C \h(s,y)\ dudyds 

Jo J\x-y\<p(x) JO u 1 P\ x ) u 1 

r ( r p(x)2 du \ 

<C / 1/2 , S2 )W*(M;y)\)(t)dy 

J\ x - V \<p{x) \Jo u L / 2 p(xy j 

<-^T / W4\ho(;y)\)(t)dy 

P\ x ) J\x-y\<p(x) 

<CM[W*(\h \)(t)] (x), a;eIRandt>0. 

Hence, T>[ oc is bounded from L 2 ((0, 00) x R) into itself. We conclude that T> loc is bounded in 
L 2 ((0,oo) x R,X). □ 

Note that the operators K glob ({P 1 f } u>0 ) and V loc are bounded in L 2 ((0, 00) x R, X) for every 
Banach space X. 

By Lemmas 3.1 and 3.2 the operator K({P^} u> q) is bounded in L 2 ((0, 00) x M.,X) if, and 
only if, the operator K loc ({P u } u>a ) is bounded in L 2 ((0, 00) x K, X). According to Theorem |a| 
our equivalence ((a) <=> (c) in Theorem |1.1[ ) will be showed once we establish that K({P u } u> q) 
is bounded in L 2 ((0, 00) x K, X) if, and only if, ^ oc ({P„}u> ) is bounded in L 2 ((0, 00) x R, X). 
In order to do this we use some ideas developed in [T| and |25| . 

Lemma 3.3. Let X be a Banach space. Then, the operator K ({P u }u>o) is bounded in L 2 ((0, 00) x 
R,X) if, and only if, K loc ({P u } u>0 ) is bounded in L 2 ((0,oo) x R,X). 

Proof. Suppose that K({P u } u> o) is bounded from L 2 ((0,oo) x M, X) into itself. Let / € 
C£°(0, 00) <x> C C °°(]R) <E) X. There exists C > such that 

-^rP(x) < p{y) < C p(x), \x-y\<p(x). 

According to |21[ Proposition 5] (see also [2"2l Lemma 2.3]) we choose a sequence (xk)^i Q K 
such that 

00 

(a) R = U B(x k ,p(x k )). 

fe=i 

(b) For every M > there exists m £ N such that, for every <eN, 

e N : B(x k ,Mp(x k )) (1 B(a*, Mp(a^)) ^ 0} < m, 
where #A denotes the cardinal of the set ACE 
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To simplify notation we write Ik = B(xk, p(xk)) and MIk = B(xk, Mp(xk)), M > 0, k e N. 
We define the operator T as follows 

oo . t . 

T(f)(t,x) = y2xi k (x) / d t P t _ s (x-y)f(s,y)dyds, x e R and t > 0. 

fe=1 JO J(Co+l)J* 

We have that 

oo 

II T (/)IIl*((0,oo)xR,X) ^ C J2 \\ K (i P u}u>0) (X(C + l)/» (»)/(«.»)) ||i2 (( o l00 )xR,X) 



fc=l 
oo 



<c^ ||x(Co+i)/ fc (y)/(*.i/)| 



lL 2 ((0,oo)xR,Jf) 
fc=l 

<C||/II L 2 ((0,oo)xR,X) ■ 

To see that K 1oc ({P u } u> q) is bounded in i 2 ((0, oo) x R,X) it is enough to show that the 
difference operator V = T - K loc ({P u } u>0 ) is bounded in L 2 ((0, oo) xl,I). 

If x £ Ik and \x — y\ < p(x), then y e (Co + 1)4- Also, if x £ Ik and y € (Co + 1)4, then 

k - y| < p(xfc) + (Co + l)p(a;fc) < Co(C + 2) P (x). 

Hence, we have that 

{(x,y) el 2 : \x-y\ < p(x)} C |J { (a;, y) e M 2 : a; e J fc) y e (C + 1)4} , 

keN 

and 

(J {(.T,y) e M 2 : z G 4, j/ G (C + 1)4 } \ {(z,y) eR 2 :\x-y\< p(x)} 

k£N 

C {(a;,y) el 2 : p(a;) < |z - y\ < C (C + 2)p(z)} . 

We can write 

^Xl k (x)x(C„ + l)I k (y) - X{(x,y)eV?:\x-y\<p(x)}{x,y) 

-- U=i 

x d t P t _ s (x — y)f(s,y)dyds, x £ R and t > 0. 

Hence, we get 

||P(/)(*,z)||x <C /" / |9 t P t _ s (z-y)|||/( S ,y)|Myd S 

JO J p(x)<\x-y\<C (C +2)p(x) 

t , x 



< c / I; iaXi p\\f(s,v)\\xdyd8 

JO J p(x)<\x-y\<C (C +2)p(x) \t - s \ + F ~ V\ 

<C f f u ,2* 7 , 2 \\f(s,y)\\xdyds 

JO Jp(x)<\x-v\<C„(C„+2)p(x) \t - S\ + P(X) 

<^a I P*(\\f (;y)\\x)(t)dy 

P\X) J\x-y\<C„(C„+2)p(x) 

<CM [P* (H/olk) (t)] (at), e R and i > 0. 

We conclude that V is bounded from L 2 ((0,oo) x R,X) into itself. Then, K loc ({P u } u>0 ) is 
bounded in £ 2 ((0,oo) xl,l). 

Assume now that K loc ({P u } u>n ) is a bounded operator from L 2 ((0, oo) x R, X) into itself. 
We are going to see that K({P U } U>0 ) is bounded in L 2 ((0, oo) x R,X). Let / e C£°(0,oo) <g> 
C?°(R)<g)X. 
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For every R > we define f R (t,x) = f(t,Rx) and f R (t,x) = f(Rt,x), x e K and t > 0. 
Straightforward manipulations allows us to show that 

t x 



K({P u } u>0 )(f)(t,x) = K({P u } u>0 )((f R ) H ) 



R' R 



iff and t,R> 0. 



Suppose that f(t, x) = 0, [as j > a, t > 0, where a > 0. Fix b > 0. We have that, for every R > 0, 

1/2, M<i?, 

^ I I 7-1 

v. it + |ar| it + o 

and 



< 6, 



y 



R 



a + b , a 

|y| < ^ and |z| < 6. 



Hence, there exists Rq > such that |y — < p(x/R), \x\ < b, \y\ < a/R and R > Rq. Hence, 
K({P u } u>0 )(f)(t,x) =- [ t/R sf (x/R yf R ^ y)dydg 



J-a/R 



(t/R-sf + (x/R- yf 







(t/R-sf -(x/R- yf 



--K l ° c ({P u } u>0 )((f R ) R ) 



\y-x/R\<p{x/R) 

t X 

R J R 



{t/R-sf + (x/R- yf 



(f R ) R (s,y)dyds 



\x\<b, t>0 and R > Rq. 



Since K loc ({P u } u>0 ) is bounded in L 2 ((0,oo) x R,X), it follows that 



oo pb 



\\K({P u } u>0 ){f){t,x)\\ 2 x dxdt = 



K loc ({P u } u>0 )({f Ro ) Ro ) 



t x 
Ro ' Ro 



dxdt 



x 



<CRl 



\K loc {{P u } u>0 ){(f Ro ) R ")(t,x)\\ x dxdt 



||/ (Rot, R x)\\ x dxdt 



Hence, 



<C||/|| 



\\K({P u } u>0 )(f)\\ <C||/II 



□ 



4. Proof of Theorem II. II for Laguerre operators 

We are going to prove the equivalence (a) (d) in Theorem 
We consider the operator 

K{{Pu a }u>o) (f)(t,x) = f d t P t L J- s (f(s,-))(x)ds, t,xe (0,oo), 



for every / £ C c °°(0, oo) ® C£°(0, oo) ® X. 

Since we showed in Section|3] (a) (c) in Theorem 1.1 it is enough to prove that K {{P^ a } u >o) 
is bounded in L 2 ((Q, oo) 2 , X) if, and only if, K ({P"} u >o) is bounded in L 2 ((0,oo) x R,X). 

We consider the operator 

f-t r-OO 

K+({P?h>o)(J)(t,x)= / d t P t H _ s (x,y)f(s,y)dyds, t,x€(0,oo), 



for every / € C c °°(0, oo) ® C^°(0, oo) <x> X. 
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As in Lemma 



2.1 



we reduce the boundedness of K ({Pu}u>o) m L 2 ((0, oo) x R, A) to study 
the operator K + ({Pf } U>Q ) in L 2 ((0, oo) 2 , A). 

Lemma 4.1. Let X be a Banach space. Then, the operator K ({P^ }u>o) * s bounded in 
L 2 ((0, oo) x R,A) if, and only if, K+ ({P^}u>o) * s bounded in L 2 ((0, oo) 2 , X). 

Proof. Assume firstly that If ({P„ } u >o) is a bounded operator from L 2 ((0, oo) x R,A) into 
itself, and let / G C c °°(0, oo) ® C£°(0, oo) ® A. We define the extension / of / as in (^J . Then, 

^+ ({-Pf }«>o) (/)(*, x) = K ({P„ H }«>o) (/o)(t, a:), ^€ (0, oo), 

and 

11-^+ ({^u }«>o) (/)IU 2 ((0,oo)2,X) <||A ({Pjf } u>0 ) (/o)||£2((0,oo)xK,X) 

<ll/IU 2 ((0,oo) 2 ,X)- 

Suppose now that K + ({P„ }u>o) is bounded from L 2 ((0, oo) 2 , X) into itself. Let / G 
C£°(0, oo) <g> C c °°(0, oo) <g> A. We define operator A_ ({P^} M >o) through 

K- ({P? }u>a) (f)(t,x) = [ f d t P t H s (x,-y)f( S ,y)dyds, t,x€(0,oc). 

Jo Jo 

We can write 

K({Pu }u>o) (f)(t,x)\\ x dxdt < 2( y y ||A+ ({P u ff } u>0 ) (/+)(t,a:)|| A .da:dt 

/ \\K-({P?} u>0 )(f-)(t,x)\\ x dxdt+ / / ||li' + ({^f} u> o)(/_)(t,a:)|| Jc da: t ft 
o Jo Jo Jo 



IX ' 



({ff } u> o) (/+)(t,a:)|| x da:dt) 1 

/0 JO ' 

where /+ and /_ were defined in the proof of Lemma |2.1| In order to see that the opera- 
tor K ({Pu}u>o) is bounded from L 2 ((0,oo) x R, X) into itself, it is enough to prove that 
K - ({ P u}u>o) is bounded in L 2 ((0, oo) 2 , A). 
We have that 

f°° e -c[\t-s\ 2 + (x+yf]/u q 

\dtP t ~ s {x,-y)\<C du ^u i2~T7 T \2 > s,t,x,ye (0,oo). 

1 Jo u \t - s \ + i x + y) 



Then, by proceeding as in the proof of Lemma 2.1 we conclude that K_ ({P^} u >o) is bounded 
from L 2 ((0, oo) 2 , A) into itself. □ 

We now split the operator K + ({Pu}u>o) as follows 

K+ ({P?}u>o) = K l ° c ({P»} u>0 ) + Kf b } U>Q ) , 

where 

<° C ({i^>o) (/)(*,*)= / / d t P t H s (x,y)f( S ,y)dyds, i,xe(0,oo), 

JO Jx/2 

for every / e C c °°(0, oo) ® <7~(0, oo) ® X. 

The operator A({P^' Q } u> o) is also split in the following way 

* ({^M^o) - K l ° c ({PM„>o) + ({PM„>o) , 

where 

K loc ({P^}u>o) (f)(t, x) = / / d t P t L _ a s (x,y)f(s,y)dyds, t,i6(0,»), 

JO Ja:/2 
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for every / £ C c °°(0, oo) ® Q°(0, oo) ® X. 

In the sequel we will use the following properties of the modified Bessel function I v , that can 
be encountered in |28l pp. 136 and 123]. The behavior of I v (z) close to zero is 



(11) 



2T(j/ + 1) 



z v , asz^0 H 



Moreover, for every n £ N, 
(12) y/zl v {z) 
where [v, 0] = 1 and 



'2tt 



,fe=o 



(2z) fe 



L ' J 2 2fe r(fc + i) ' ' ' 

Lemma 4.2. Le£ I tea Banach space. Then, the operators Kf ob ({P*} u>0 ) and K^ oh ({P£ a } u >o) 
are bounded in L 2 ((0,oo) x R, X). 



Proof. Let / £ C c °°(0, oo) ® C£°(0, oo) ® X. We have that 



\d t P t H _ g (x,y)\<C / 
Jo 



oo p-cllt-s^ + lx-i/l 2 ]/^ 
V? 



c 



du< Y ^— s,t,x,y £ (0,oo). 



Hence, we obtain 



ll^f b ({ J P t f}n>0)(/)(<,x)|U<C( 



t /-a:/2 



JO 



1 

\t - s\ 2 + X 



2 \\f(s,y)\\xdyds 



o |t-s| 2 +y 2 



|/(s,j/)||xdj/ds 



< C 



P. 



(\\M;v)\\x)(t)dv + J jP*(\\M',v)\\x)(t)dy), t,x£(0,oo). 



Since the Hardy operators Hq and i/oo (see Section^ are bounded in L 2 (0, oo) and the maximal 
operator P, is bounded in L 2 (R), we deduce that K^ oh ({P^} u> o) is bounded in L 2 ((0, oo) 2 , X). 



According to (11) and (12 1 we get 



0<W t L «(x,y)<C e 



-c\x-y\ 2 /t 



t,x,y£ (0, oo). 



By proceeding as above we obtain, for every t, x £ (0, oo), 
\\K 9 '° b ({P^} u>0 )(f)(t, x )\\ x <c(h [p. (||/ (.,y)||x) (*)] ( 



x) +H n 



Hence, K 9 ({P„ }u>o) is a bounded operator from L ((0, oo) 2 , X) into itself. 



p* ll/o(-,y)llx (i) (x) 



□ 



From Lemmas 4.1 and 4.2 we deduce that the equivalence (c) O- (d) in Theorem |1.1| will be 
established once we prove the following. 

Lemma 4.3. Let X be a Banach space. Then, the operator ~D loc given by 

B loc = K loc ( { p« }u>0 ) _ K loc ({P^} u>0 ) , 

is bounded in L 2 ((0, oo) 2 , X). 
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Proof. Let / e C c °°(0, oo) ® C£°(0, oo) ® X. We can write 
D loc (f)(t,x) 



1 f* f°° e-|*- s | 2 /4n f \ t _ s \2 



47T Jo Jo 



,3/2 



2 ii 



x [W?(x,y)-Wf°(x,y)]f{8,v)dydud8, t,xe{0,oo). 

Jx/2 

By defining the function / as in (pj, we get for every t, x G (0, oo), 

(13) \\W°c(f)(t,x)\\ x <C W*(\\f(;y)\\ x )(t)( \W^(x,y)-W^(x,y)\—)dy. 

Jx/2 \Jo U J 



In order to estimate the function 



H{x,y) 



du 



\W*(,x,y)-Wf°(x,y)\—, x, y € (0, oo), x + y 



we distingue two cases. To simplify the notation we call £ = £,(u,x,y) = 2xye~ u /(l — e~ 2u ), 
u,x,y € (0, oo). 

Suppose firstly that £ > 1. By Q and (12 1 we deduce 

\W?{x,y)-WZ°(x,y)\ =W?(x, y) |l - V^e-«v^4-i/ 2 (0| < 



<C< 



e -c|rr-a| 2 /ti 
g-'«/2 e -c|a:-j/| 2 



UG (0,1), 



£1/4 



U>1. 



Then, 



0, £>1 

(14) 

Also, we obtain 



W*(s,lO-V^"(z,l/)|^<C 

1 U 



< 



£1/4 M 3/2 - ^ 



u 



5/4 



-du 



< 



c 



dv < c ^ 



^y\x - y\ Jo v 3/A ~ V V \*-vV 2 



- < y < 2x, x^y. 



du 



1, £>1 



e -u/2 e -c\x-y\ du e -c\x-y\ 
< 



£1/4 



Vv 



~ u / 4 du 



(15) 



c / y x 

y V \x - y\ 2 



On the other hand, if £ < 1, by (111 we have that 

\W?(x,y) - W^(x,y)\ <CW^{x lV ) (l + e^v^a-i^)) < CW^{x lV ) (1 +£«) 

e -u \ I/ 4 ^- c \x-y\ 2 ju 



1-e 



-2>i 



iV4 



«e (0,1), 



<C< 



Then, 

r-l 



du 



o, t<i 
(16) 



1-e" 



0, £<1 



1/4 



e-cug-cla-yl „ > 1 



c\x-y\ 2 /u tl/4 
I/, 5 / 4 



du 



< 



C* f 1 e -c|*-sH7« c / y 



y do u 



5/4 



du < 



S/ V Jas — s/l ' 2 



< y < 2x, x^y, 
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and 



l W?(x,y)-W^(x,y)\ - <C / ^ e^e^^du 
1, £<i u Jl, £<i v» 



From (131, ( 14 1, (151, (16l and (17) we deduce that 



(18) ||D' oc (/)(t^)|| x <CJV[W, (||/|U) (*)] (a), t,a;G(0,oo), 

being 



2.c 



A/2 y V f ~ yl 

Jensen's inequality implies that the operator M is bounded from L 2 (0, oo) into itself. Also, the 



maximal operator W„ is bounded in L (R). Then, from (18 1 we infer that D is a bounded 



operator from L ((0,oo) ,X) into itself. □ 



[10 

[n 

[12 
[13 

[14 

[15 
[16 



References 

I. Abu-Falahah, P. R. Stinga, and J. L. Torrea, Square functions associated to Schrodinger operators, 
Studia Math., 203 (2011), pp. 171-194. 

I. Abu-Falahah and J. L. Torrea, Hermite function expansions versus Hermite polynomial expansions, 
Glasg. Math. J., 48 (2006), pp. 203-215. 

H. Amann, Maximal regularity for nonautonomous evolution equations, Adv. Nonlinear Stud., 4 (2004), 
pp. 417-430. 

W. Arendt and S. Bu, The operator-valued Marcinkiewicz multiplier theorem and maximal regularity, 
Math. Z., 240 (2002), pp. 311-343. 

, Tools for maximal regularity, Math. Proc. Cambridge Philos. Soc., 134 (2003), pp. 317-336. 

, Fourier series in Banach spaces and maximal regularity, in Vector measures, integration and related 

topics, vol. 201 of Oper. Theory Adv. Appl., Birkhauser Verlag, Basel, 2010, pp. 21-39. 

P. Auscher and A. Axelsson, Weighted maximal regularity estimates and solvability of non-smooth elliptic 
systems I, Invent. Math., 184 (2011), pp. 47-115. 

P. Auscher, S. Monniaux, and P. Portal, The maximal regularity operator on tent spaces, Commun. 
Pure Appl. Anal., 11 (2012), pp. 2213-2219. 

J. J. Betancor, A. J. Castro, J. Curbelo, and L. Rodri'guez-Mesa, Characterization of UMD Banach 
spaces by imaginary powers of Hermite and Laguerre operators. To appear in Complex Anal. Oper. Theory 
I (DPI: 10.1007/sll785-011-0203^9)1 

J. J. Betancor, A. J. Castro, and L. Rodriguez-Mesa, Characterization of Banach valued 
BMO functions and UMD Banach spaces by using Bessel convolutions. To appear in Positivity (D0I: 
|10.1007/sllll7-012-0189-l)| 

J. J. Betancor, A. Chicco Ruiz, J. C. Farina, and L. Rodriguez-Mesa, Odd BMO(R) functions and 
Carleson measures in the Bessel setting, Integral Equations Operator Theory, 66 (2010), pp. 463-494. 
J. J. Betancor, R. Crescimbeni, J. C. Farina, P. R. Stinga, and J. L. Torrea, A Tl criterion for 
Hermite-Calderdn-Zygmund operators on the BMOn(M. n ) space and applications. To appear in Ann. Sc. 
Norm. Super. Pisa CI. Sci. (5) | (arXiv : 1006 . 0416v2)1 

J. J. Betancor, J. C. Farina, T. Martinez, and J. L. Torrea, Riesz transform and g-function 
associated with Bessel operators and their appropriate Banach spaces, Israel J. Math., 157 (2007), pp. 259- 
282. 

J. J. Betancor, J. C. Farina, L. Rodri'guez-Mesa, A. Sanabria, and J. L. Torrea, Transference 
between Laguerre and Hermite settings, J. Funct. Anal., 254 (2008), pp. 826—850. 

, Lusin type and cotype for Laguerre g-functions, Israel J. Math., 182 (2011), pp. 1-30. 

J. Bourgain, Some remarks on Banach spaces in which martingale difference sequences are unconditional, 
Ark. Mat., 21 (1983), pp. 163-168. 



UMD BANACH SPACES AND THE MAXIMAL REGULARITY 



21 



[17] D. L. Burkholder, Martingales and Fourier analysis in Banach spaces, in Probability and Analysis 

(Varenna, 1985), vol. 1206 of Lecture Notes in Math., Springer, Berlin, 1986, pp. 61-108. 
[18] T. Coulhon and D. Lamberton, Regularite IP pour les equations d 'evolution, in Seminaire d'Analyse 

Fonctionelle 1984/1985, vol. 26 of Publ. Math. Univ. Paris VII, Paris, 1986, pp. 155-165. 
[19] L. de Simon, Un'applicazione della teoria degli integrali singolari alio studio delle equazioni differenziali 

lineari astratte del primo ordine, Rend. Sem. Mat. Univ. Padova, 34 (1964), pp. 205-223. 
[20] G. Dore and A. Venni, On the closedness of the sum of two closed operators, Math. Z., 196 (1987), 

pp. 189-201. 

[21] J. Dziubanski, G. Garrigos, T. Martinez, J. L. Torrea, and J. Zienkiewicz, BMO spaces related to 
Schrodinger operators with potentials satisfying a reverse Holder inequality, Math. Z., 249 (2005), pp. 329- 
356. 

[22] J. Dziubanski and J. Zienkiewicz, Hardy space H 1 associated to Schrodinger operator with potential 
satisfying reverse Holder inequality, Rev. Mat. Iberoamericana, 15 (1999), pp. 279-296. 

[23] P. Grisvard, Equations differentielles abstraites, Ann. Sci. Ecole Norm. Sup. (4), 2 (1969), pp. 311-395. 

[24] S. Guerre-Delabriere, Some remarks on complex powers of (—A) and UMD spaces, Illinois J. Math., 35 
(1991), pp. 401-407. 

[25] E. Harboure, J. L. Torrea, and B. Viviani, Vector-valued extensions of operators related to the 

Ornstein- Uhlenbeck semigroup, J. Anal. Math., 91 (2003), pp. 1-29. 
[26] G. H. Hardy, J. E. Littlewood, and G. Polya, Inequalities, Cambridge, at the University Press, 1934. 
[27] C. Le Merdy, Counterexamples on L p -maximal regularity, Math. Z., 230 (1999), pp. 47-62. 
[28] N. N. Lebedev, Special functions and their applications, Dover Publications Inc., New York, 1972. 
[29] J. LeCrone, Elliptic operators and maximal regularity on periodic little-Holder spaces, J. Evol. Equ., 12 

(2012), pp. 295-325. 

[30] B. Muckenhoupt, Hermite conjugate expansions, Trans. Amer. Math. Soc, 139 (1969), pp. 243-260. 

[31] , Poisson integrals for Hermite and Laguerre expansions, Trans. Amer. Math. Soc, 139 (1969), 

pp. 231-242. 

[32] , Conjugate functions for Laguerre expansions, Trans. Amer. Math. Soc, 147 (1970), pp. 403-418. 

[33] B. Muckenhoupt and E. M. Stein, Classical expansions and their relation to conjugate harmonic func- 
tions, Trans. Amer. Math. Soc, 118 (1965), pp. 17-92. 

[34] A. Nowak and K. Stempak, Riesz transforms and conjugacy for Laguerre function expansions of Hermite 
type, J. Funct. Anal., 244 (2007), pp. 399-443. 

[35] , Riesz transforms for multi- dimensional Laguerre function expansions, Adv. Math., 215 (2007), 

pp. 642-678. 

[36] J. L. Rubio de Francia, Martingale and integral transforms of Banach space valued functions, in Prob- 
ability and Banach spaces (Zaragoza, 1985), vol. 1221 of Lecture Notes in Math., Springer, Berlin, 1986, 
pp. 195-222. 

[37] K. Stempak and J. L. Torrea, Poisson integrals and Riesz transforms for Hermite function expansions 

with weights, J. Funct. Anal., 202 (2003), pp. 443-472. 

[38] , On g-functions for Hermite function expansions, Acta Math. Hungar., 109 (2005), pp. 99-125. 

[39] G. Szego, Orthogonal polynomials, American Mathematical Society, Providence, R.I., fourth ed., 1975. 

American Mathematical Society, Colloquium Publications, Vol. XXIII. 
[40] S. Thangavelu, Lectures on Hermite and Laguerre expansions, vol. 42 of Mathematical Notes, Princeton 

University Press, Princeton, NJ, 1993. 



Victor Almeida, Jorge J. Betancor, Alejandro J. Castro 
Departamento de Analisis Matematico, Universidad de La Laguna, 
Campus de Anchieta, Avda. Astrofisico Francisco Sanchez, s/n, 
38271, La Lacuna (Sta. Cruz de Tenerife), Spain 

E-mail address: valmeida3ull.es, jbetanco@ull.es, ajcastro@ull.es 



